This paper contains an irredundant listing of the finite irreducible monomial Ž . subgroups of GL 4, ‫ރ‬ . The groups are listed up to conjugacy and are given explicitly by generating sets of monomial matrices.
INTRODUCTION

Ž .
Ž . Let M 4 denote the group of all monomial matrices in GL 4 s Ž . w x Ž . GL 4, ‫ރ‬ . In 5 , the finite irreducible 2-subgroups of M 4 are listed up to Ž . Ž . GL 4 -conjugacy. Here we extend the classification to all of M 4 . That is, Ž . we provide a list of finite irreducible subgroups of M 4 , where any group Ž . of this kind is conjugate by an element of GL 4 to one and only one listed group. w x Our list is quite explicit, like the one in 5 . An archetype is the list of Ž . the finite irreducible p-subgroups of GL p , p prime, provided by Conlon w x 2 . Chosen representatives for the conjugacy classes of the groups are arranged into finitely many families, and each representative is specified by a generating set of monomial matrices. As with any list of linear groups of a certain class, it is desirable to have a method by which a given suitably described linear group of the same class may be recognised in the list. However, this issue is beyond the scope of the current paper.
L. G. Kovacs has proposed listing all finite irreducible subgroups of Ž . GL n for n F 4. This project is motivated by a potential application to w x soluble quotient algorithms; see 5, p. 1 for a brief discussion. We note a w x Ž specific problem arising in this context. Short in 10 lists essentially up to . conjugacy in the relevant full symmetric groups the soluble primitive permutation groups of degree less than 256. One may cast the study of primitive permutation groups with soluble socle, each group necessarily w x 2 , 2 , 3 , 5 , and 7 would match the work of Dixon and Mortimer 3 , who determine the primitive permutation groups of degree less than 1000 with insoluble socle. It is worthwhile, then, to investigate how the results of Ž . this paper may be used to list the irreducible monomial hence soluble Ž . subgroups of GL 4, p for odd primes p, particularly p s 5.
Ž . An early study of finite subgroups of GL n for n F 4 is contained in w x Chapters III, V, and VII of Blichfeldt's book 1 . Blichfeldt considers only Ž . Ž subgroups of SL n , focusing on those that are primitive a fixed expres-. sion in n bounds above the order such a linear group can have . His classification criteria include abstract as well as linear isomorphism. In addition, Blichfeldt gives a primitive linear group whose associated Ž . collineation group central quotient is simple as a collineation group. Now generally there would seem to be substantial distance to cover in going Ž . Ž . from a description of subgroups of SL n or PSL n to a classification by Ž . conjugacy of subgroups of GL n . Moreover, we emphasise that Blichfeldt's treatment of imprimitive groups for n s 3 and especially for n s 4 is w inadequate for our purposes: see, for example, the second paragraph of 1, x p. 139 . w x Another part of the Kovacs project is the subject of 6 , in which B. Hofling supplies a list of the finite imprimitive nonmonomial subgroups of Ž . Ž Ž .. GL 4 and also a list of the finite primitive subgroups of GL 2 . Subsequent steps in the project are to finish the degree 4 classification, and do a w x full classification in degrees 2 and 3. Given the achievements of 6 and the present paper, the former step entails listing primitive linear groups. A w x reference for this is 1, Chap. VII . The latter step should be easier, since the degrees are prime; for instance, it divides into primitive and monomial w x cases only. Relevant references here are 1, 2, 6 .
We now set down some basics of the main problem to be considered in Ž . Ž . this paper. In GL 4 , denote by D 4 the group of all diagonal matrices, Ž . Ž . and by S the group of all permutation matrices. We have M 4 s D 4 i subgroups of S fixed above. 4 An outline of the rest of the paper follows. In Section 2 we determine Ž . the finite subgroups of D 4 normalised by T, for each T. Our construc-Ž . tion of extensions in M 4 of such T-modules depends on material presented in Section 3. In Section 4 we give conditions relating to irreducibil-Ž . ity of subgroups of M 4 . The final list is the union of five sublists, each one corresponding to a particular projection group. Common features of the sublists shape our approach to the conjugacy problem; Section 5 deals with these features. The sublists themselves are compiled in Sections 6᎐8. Section 9 consolidates previous sections, yielding the final list.
w x This paper is very much a generalisation of 5 . We continue to use conventions and notation from that earlier work. Also, we sometimes omit w x or abbreviate a proof similar to a proof in 5 , giving the appropriate reference instead.
Finally, we point out that most of the exposition would remain valid if ‫ރ‬ were replaced by any field of zero characteristic with all roots of unity. w x Submodules of B are given by group generating sets, as in 5 . The generators making up these sets are now defined. For an integer k G y1, 
THE FINITE T-SUBMODULES
y s¨u s u¨s y ,
y s y u s¨¨s u .
To make the translation from the notation introduced above to the w x notation of 5 , drop the second subscript p when p s 2.
We collect here some miscellaneous module-theoretic facts. It is a w x consequence of 5, Proposition 1. 
Until further notice, M stands for an arbitrary finite T-submodule of B. We say that M is cyclic if it is a cyclic group. 
Ž .
iii If T s A or T s S then M is faithful or scalar, with the first 4 4 possibility excluded when M is cyclic.
Proof. The kernel of the action of T on M is a normal subgroup of T, with abelian quotient when M is cyclic. All claims follow readily from these observations.
The finite cyclic T-submodules of B 2
Ž . In this subsection M is cyclic and in B . Define M i, j, k, l to be the 2 cyclic subgroup of B generated by x y u¨. Suppose M is not a
T F D then, again by Lemma 2.1, M is S -conjugate to a T-submodule of 4 w x X U . At the end of 5, Section 1.2 there is a discussion about the finite 2 2 normal subgroups of C ϱ wr C lying in the base group of this wreath 2 2 product, from which one may deduce the T-submodule structure of X U . 2 2 The cyclic submodules in particular are
Suppose M is a faithful V -module, so that M ( C iq 2 for some i G 1. 4 2 Ž . There are six inequivalent faithful representations of V in Aut M , and 4 therefore six distinct possibilities for M at each order 2 iq2 . Explicitly, these are
At each order, these submodules are all S -conjugate. 4 Suppose M is a faithful C-module. As in the previous paragraph, we argue that
constitute all possibilities for M at order 2 iq3 , i G 1. The first and second of these modules are conjugate by a, as are the third and fourth; however, the first and third are not S -conjugate. 4 
The finite noncyclic T-submodules of B 2
We transfer to this paper the submodule labelling scheme employed in w x Ž Section 3.1 and Chapter 4 of 5 with the necessary adjustment to the . notation for generators .
For T s C or T s D, the finite noncyclic T-submodules of B are given ² : others are obtained as d -conjugates of these. To list the finite noncyclic w x A -submodules M of B , we turn to the proof of 5, Proposition 3.1.12 . 4 2 Displayed there is the orbit of each finite V -submodule of B containing at most 2. Inspection of the orbit display then shows that in fact M must be normalised by S . Therefore, we have the following proposition. 
Ž . 
Note the allowance of negative order parameters i, j, k, l, in contrast to the allowance of non-negative order parameters only for the noncyclic Ž . V -submodules F i, j, k, l, ␦, , ␣ of B . Distinct labels, as ever, corre- 4 2 spond to distinct submodules. To solve the conjugacy problem in Section 6, we need to know the orbit of each finite T-submodule of B under action by various subgroups of 2 Ј Ž . N T . We first set up some terminology to facilitate the description of ules of B . 
A finite subgroup M of B is a D-module if and only
2 Ј Ž . if, for each odd prime p, M s F i , j , k , j ; p for some i , j , k G y1. p p p p p p p p
THE EXTENSION PROBLEM
A major part of the endeavour in this paper is solving the extension Ž . problem: constructing, up to conjugacy, T-extensions in M 4 of finite T-submodules of B. This section establishes some machinery to assist in that task. The divisibility of the abelian group ‫ރ‬ = is crucial in proofs. We assume the standard description of cohomology of finite cyclic w x groups, for which see 8, p. 122, Theorem 7.1 . As a special case of this, ² : note that if G s g has order n and M is a G-module then we have an isomorphism
Ž .
where the derivation ␦ is defined by ␦ g s m , 1 F i F n. If G is any group then it is very well known that as ␦ runs over a set of 1 Ž . Ä Ž . < 4 representatives for the elements of H G, M , g␦ g gg G runs over a set of representatives for the conjugacy classes of complements of M in M i G.
Proof. Suppose T s a . Then 1 y a has kernel XY and image 
Ž . By the discussion before Lemma 3.1, the following is an immediate consequence of the lemma. 
x Proof. This is just 8, p. 355, Exercise 3 .
and we are done.
Ž . Ž . Parts of Lemma 3.1 and Proposition 3.4 i and iii are proved in w x 5, Lemma 2.2 .
, and
and to a subgroup of B T if T s A . 3 4 Proof. The claims about im ␦ are immediate from Proposition 3.4, Ž after applying the isomorphism described before Lemma 3.1 note also . that inflation does not alter images . The claim on complements is trivial Ž . for T s V by Proposition 3.4 i ; for the other T, it is stated in Corollary We now present some results for second cohomology. Ž w x . by the universal coefficient theorem see 9, p. 349, 11.4.18 ,
which proves the proposition. 
Theorem 3.9 is not as significant in solving the extension problem for Ž . irreducible subgroups of M 4 with projection group A or S as it is in 4 4 solving that problem for irreducible subgroups of B D. Ž .
conjugate to a subgroup of B D, by Corollary 3.5. Thus S ; B D.
The last result of this section is elementary yet vital, and is basic in our solution of the extension problem. 
tion 3.10, we may assume G has a Sylow 2-subgroup H lying in B V , with 2 4 Ž . diagonal subgroup M naturally and projection group V . Let K be a 2 4 Ž . ²: Sylow 3-subgroup of G and thus of G with . From this it may be seen that H and K permute. Thus G s HK and i is proved.
2 Ž . By Schur᎐Zassenhaus and Lemma 3.3 we have H GrM , M (
If T F D then as in the previous case we see that G splits over M . 4 4 only if M is faithful;
Ž . i in each of the cases T s V , T s C, and T s A , G is irreducible
Ž . ii in the case T s D, G is irreducible only if either M is faithful, or G is conjugate to a subgroup of BV
iii 
in the case T s S , G is irreducible only if either M is faithful, or
4 Ž . < < Z G s M
THE CONJUGACY PROBLEM
Recall that two finite T-submodules of B are isomorphic if and only if they are equal. This fact is used in proving the first result of this section. 
Ž . PROPOSITION 5.1. Let G and H be finite subgroups of M 4 such that G s H s T, and let M be a T-submodule of B l G. If is an isomor-
Ž . Ž . phism of G onto H such that B l G s B l H, then M ; M . N ŽT .Ž . Ž . m Ž . m i G l B T ; H l B T and B l G s B l H. B Ј Ј Ž . m ii If M is a faithful T-submodule of B l G such that M F B l H Ž . Ž . then m g D 4 N T .
G ;
H.
B S
4 w x Proof. Cf. 5, Remark 1.3.8 .
THE SUBLISTS FOR T A SUBGROUP OF D
Let T stand for one of V , C, or D. Our goal in this section is to 4 produce three separate lists of finite irreducible subgroups of BD, such Ž . that a given finite irreducible subgroup G of D 4 T is conjugate to a single group in the union of these three lists. i G 0; 1y 
Ž .
By Theorem 3.11 iii , we may assume G s G N, where G s G l B Dw x We record here some errata pertaining to 5, Theorem 3.3.1 and also to w x the dependent 5, Theorems 3.3.14 and 6.1.1 . The parameter ranges for the groups ␥ Ž1y .² : ax y , bx , F i, j, k , k, 0, 1 , ax , b, F i, j, k, l, 1, 1 ² : Ž . Ž . iq1 jq1 iq1 iq1 Ž w x.written in the notation of 5 are incorrect. Specifically, k should be restricted in both instances to k G 1: this achieves the irreducibility w x claimed in 55 ax , bx u , M i, y1, y1, y1 ² : Ž . iq1, 2 iq1, 2 1, 2 Ž1y . ¦ ax y , bx , M y1, i , y1, y1 ² : Ž . 1, 2 iq1, 2 1, 2 ² : ax , b, M i q 1, 1, y1, y1 Ž . iq1, 2 ¥ i G 1; ² : ax , b, M 1, i q 1, y1, y1 Ž . 1, 2 § ² : ax , b, M y1, i q 1, 1, y1 Ž .
1, 2 2 4 one group in the extended list.
Ž . Then a finite irreducible subgroup of B V is M 4 -conjugate to one and only
Proof. Let H be a finite subgroup of B V with projection group V . Ž . cyclic V -submodules M of B as given by 1 and 2 ᎏso H is not 4 2 Ž . M 4 -conjugate to any group in either unextended list. With a view to an intended application, we take the d-conjugates of the V -modules listed 4 Ž .
Ž . in 1 . Since, at each order, the V -modules in 2 are all S -conjugate, 4 4 just one of them needs to be considered here.
Ž . B V , for each M. These extensions may be sorted into M 4 -conjugacy 2 4 classes, using essentially the method outlined at the beginning of the proof w x Ž . of 5, Theorem 3.3.1 cf. also the discussion after this lemma . By Theorem Ž . Ž . But first we show that N G G V . Let H be any finite subgroup of Likewise, when B l G is cyclic, it is implicit in the proof of Proposi-2 2 tion 6.1.1 that Ž . Ž .
i , H is irreducible if and only if
As an example, let To finish our preparation for the main result of this subsection, we define below lists F F , F F , and F F , of finite irreducible subgroups of BV . In Ž . the V -submodules of B listed in Theorem 2.3.2 i that are faith-
F F : G ranges over the groups in the extended list defined in Proposi- Ž . for some m g GL 4 . gate. So the only groups in F F j F F j F F that could be conjugate are those 1 2 3 in F F . We now determine all conjugacy between groups in F F and thereby 
F F
X , by the previous part. Each group in F F is thus conjugate to at least one 3 3 group in F F X . The remainder of the proof is a verification that distinct 3 groups in F F X are not conjugate. and G is in the list of 5, Theorem K ; HN. The latter possibility leads to
Henceforth t / a, and so B l G is noncyclic. Suppose L is noncyclic. F i, 1, 0, 0, 0, 1, 1 , F 0, 0, i, 1, 1, 0, 1 , or F 0, 0, 1, i, 1, 0 . In the first and second cases, G must split over B l G , and there is a single choice Ž . us. This may be handled using uniqueness of L for i ) 1 or a combina-Ž . tion of ideas seen already for i s 1 . The proof is complete.
T s C
We obtain tremendous simplifications in this subsection over the previous one: unlike V , C has a single involution and reasonably small Ž . 
Ž .
Lists C C and C C of finite irreducible subgroups of D 4 C are defined 1 2 below, by describing a typical element G N in each list. 
Denote C C j C C by C C. A group in C C is not conjugate to a group in C C . Furthermore, a group 1 2 in C C is not conjugate to a group in F F: otherwise G would be conjugate 
THE SUBLIST FOR T s A 4
We begin with a technical lemma.
Ž . LEMMA 7.1. Let G and H be finite subgroups of D 4 A such that Suppose G and H are conjugate. Then
However, there exist w g A YUV and h g H such that hw s x g X R
implies xx has order dividing 4. This means that x g G l X s H l X, a contradiction. For iЈ, jЈ G y1 and i, j G 1,
Ž .
iЈq1, 3 3 For iЈ, jЈ G y1, and i s j s 0 or i, j G 1,
Ž . Ž .
iЈq1, 3 3 ax , bu , dx
Ž . . ² : not M is cyclic . We write K generically as dxyu¨, M , for some x g X, 2 3
Since HM e HK, we see that ax y ' x y y
Hence y 2 u 2 , u 2¨2 g B M , from which we deduce that y, u,¨g B M . . Ž . Ž . tion 6.1.1 i with diagonal subgroup M i, y1, y1, y1 for some i G y1. . coefficient theorem. We dispense with further details of the construction, which are overly familiar by now.
If M is noncyclic then it is faithful as an A -module, and G is 2 4 Ž . irreducible. If M is cyclic then M N must be faithful, by Theorem 4.2 i . 2 3 This is ensured with the stated restrictions on parameter ranges. : ² :
Ž . This shows that G is M 4 -conjugate to a group in A A: can range over Ä 4 0, 1 , as indicated. In fact the same conclusion always holds, although more effort is required to see this when G l B B A does not have the 2 3 4 above form. 
Ž . The remaining checks needed to fully prove that G is M 4 -conjugate to a group in A A are sufficiently similar to the one just performed to be omitted. Now we tackle the conjugacy problem. Then Lemma 7.1 and inspection of the list in this theorem reveal that˜ˆˆŽ .² : y1 and N such that for some prime p G 3, N s F iЈ, jЈ, jЈ, jЈ; 
u g U,¨g V, where K has projection group A and diagonal subgroup
Ž . M 4 -conjugate to a group in the list obtained from A A by relaxing the restrictions on M and N in Theorem 7.2 that hold for cyclic M . 3 2 Conditions derived from the relations involving e in the chosen presentation of S may be written down; these dictate the choices for xyu¨and for . as possible K. Conversely, if these conditions are satisfied for given K, ² : Ž . then exyu¨, K is an S -extension of M in M 4 . We do not give any 4 2 ² : Ž . more of this sort of detail in the proof that exyu¨, K is M 4 -conjugatê to one of the subgroups G of B S as described. In any event, the matter 2 4 of irreducibility has to be settled. When M is cyclic, G is irreducible if 2 and only if N s M is faithful, or G is irreducible. If
Ž . . then C G s X, so G is irreducible and N is unrestricted for these G.
On the other hand, ² : The import of the final result of this section is that we have already solved the full conjugacy problem for groups in S S. Ž . monomial by Proposition 5.4 ii , and we are done by Theorem 8.1. So we restrict attention to the cases that M is a faithful S -module, or M is 2 4 scalar and G l B S is irreducible. 2 4 Suppose M is faithful. We assume M m F r B, since otherwise m is ex , G could be conjugate. However, for fixed G, the second listed 1, 2g roup in each situation does not split over G. Suppose M is scalar and G l B S is irreducible. By Theorem 8.1, the 2 4 choices for G and H are 4 4 Proof. Let R stand for G or H, and S stand for H or K, where R / S. Suppose R ( S. Then S has an abelian normal subgroup N such that Ž . SrN ( Rr B l R . Denote the diagonal subgroup of S by M. Since MNrM is a nontrivial normal abelian subgroup of SrM, its index is 3 or 6. If R s G then this contradicts the fact that SrMN, as a quotient of SrN, < < has 2-power order. If R s H then S s K and S : MN s 6. This implies MNrN is a normal subgroup of SrN ( A of order 2, which is absurd. 4 Linking Proposition 9.1 with the above-mentioned theorems, we obtain the following solution of the main problem of this paper. Remark 9.3. Given the amount of data involved and the nature of Ž supplementary results such as those discussed before Theorem 2.3.3 and . Lemma 6.1.2 , we have decided to make the list of Theorem 9.2 available in electronic form, as a library in the computer algebra system GAP. At the time of writing, the GAP library is under construction, as joint work of
